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1. Introduction 



X5 ■ 

The mathematical theory of wave in layered media is still posing interesting mathe- 

Mh I matical problems even in the linear, stationary case. 

In Jager-Saito [9] and [8], we studied the spectrum of the reduced wave operator 

(1.1) H = -m(x)- 1 A, 

Oh" 

where ^q(x) is a simple function which takes a two positive values /ioi and ^02 on 

ill and Q2 respectively. Here Qp, £ = 1,2, are open sets of H N such that 



\*-2) \ n. nn._n.iin._ t>N 



fil nfi 2 = 0, 

oT u n 2 = Qi u n^ = r/ 



fif being the closure of O^. Under a new condition on the separating surface S = d0,± = 
\& \ 9^2, we have established the limiting absorption principle for Hq which implies that 

Hq is absolute continuous. Our condition is satisfied, for example, for the case where S is 
£vi ■ a cylinder. 

In this work we are going to extend the results in [9] to the multimedia case, the case 
where /j,q(x) can take finitely or infinitely many values (see §2). The limiting absorption 
principle will be established and, again, the operator Hq is absolute continuous. Also we 
shall consider short-range or long-range perturbation of Hq, that is, we shall study the 
operator 



(1.3) H = -n(x)- 1 A, 
where 

(1.4) fi(x) = n (x) +fJ,i(x) 

and Hi(x) is short-range or long-range. In this case we shall prove that the point spectrum, 
if it exists, is discrete, and the limiting absorption principle holds on any interval which 
does not contain an eigenvalue. 

As for the study of the reduced wave operators with discontinuous coefficients, many 
works have been done for the stratified media in which the coefficients of the opera- 
tor are the functions of x' G R C R , k < N. Some perturbed operators of the 
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above type have been discussed, too. Here we refer Wilcox [16], Ben-Artzi-Dermanjian- 
Guillot[2], Weder[14], [15], DeBievre-Pravica [4] , [5], Boutet de Monvel-Berthier-Manda 
[3], and Zhang [17]. In [5] S. DeBievre and D. W. Pravica proved there is no point spec- 
trum for the stratified propagators without any additional conditions other than sufficient 
smoothness of the coefficients at infinity. 

It seems that there are rather few results for the nonstratified case. Eidus [6] was 
the first to consider the reduced wave operators Hq with a cone-shape discontinuity. 
He imposed the following assumptions on the separating surface S: there exist positive 
constants c\ and C2 such that 

(1.5) |n^ } (x)|> Cl (xeS), 
and 

(1.6) \x ■ n {l \x)\ < c 2 (x£S), 

where rv-'(x), £ = 1,2, is the unit outward normal of £1^ at x, and x • n^'(x) is the 
inner product of x and n^'{x) in R^. Note that a cone having its vertex at the origin 
and the positive XAr-axis as its axis satisfies (1.5) and (1.6). Under the above assumptions, 
Eidus [6] proved the limiting absorption principle for Hq, that is, by denoting by Ro(z) the 
resolvent of Hq, the limits 

(1.7) lim^ (A±ir?)=^o±(A) in B( J L 2 ,i(R JV ),L 2) _i(R JV )) 

exist for A > 0, where the weighted L 2 space L 2]t (R Ar ), t G R, is defined by 

(1.8) L 2 , t (R N ) = {f : (1 + \x\Yf(x) e L 2 (R N )} 
with its inner product and norm 



(1.9) 



(/, g)t= / f{x)g{x){l + \x\Y t dx, 



R 



N 



(/> /) 



1/2 



and B(A, Y) is the Banach space of all bounded linear operators from X into Y. 
Then, Saito [13] showed that L 2j i(R Af ) and L 2) -i(R Ar ) in (1.7) can be replaced by 
L 2( 5(R ) and L 2 _#(R ) with 8 > 1/2, respectively. This means that the limiting 
absorption principle for Hq holds on the same weighted L 2 spaces as are used for 
the Schrodinger operator (cf. Agmonfl], Ikebe-Saito [7] and Saito [11]). Recently Roach- 
Zhang [10] has shown that u = R ± (X)f, where A > and / G L 2j(5 (R iV ) with 5 > 1/2, 
is characterized as a unique solution of the equation 

(1.10) (- f iQ(xr 1 A-\)u = f 

with the radiation condition 

l f ,_ r. ~~ ~ ,o , ,~ x s 



(1.11) lim — / \Vu T- i\ \u(x)xu\ dx 

R-^oo RJb r v 



x 



Br being the ball with radius R and center at the origin. The condition (1.11) is a 
natural extension of the radiation condition for the Schrodinger operators ([7], [11])- [10] 
also gave another proof of the limiting absorption principle for Hq . 

In the recent work [9] and [8], we studied the reduced wave operators Hq with a 
cylindrical discontinuity in which the separating surface is assumed to satisfy that 

(1.12) (po2-m)(x-n^) = ( m - m )(x-n^)>0 {x € S). 

The condition (1.12) is satisfied if Q\ is an infinite cylindrical domain which contains the 
origin and ^02 > Moi- Then it has been shown again that Hq is absolutely continuous. So 
far it seems that the absence of the point spectrum can not be obtained without imposing 
some additional conditions such as (1.5)-(1.6) or (1.12). 

In §2 we define the reduced wave operator Hq with multimedia and we state our 
assumption on the separating surface S and the positive function jjlq in which jjlq can 
take countably infinite values although the condition is a natural extension of the condition 
(1.12). §3 is devoted to showing the limiting absorption principle for the unperturbed 
operator Hq. Here the arguments are quite parallel to the one in [8] or [9], and hence we 
shall omit some of the proof. In §4 we shall discuss the point spectrum of the perturbed 
operator (1.3). It will be shown that the point spectrum of H is discrete. Also some 
sufficient conditions for the nonexistence of the point spectrum of H will be given. We 
shall show in §5 that the limiting absorption principle for H holds on any closed interval 
which does not contain the point spectrum. 

Acknowledgement. This work was finished when the second author was visiting 
the University of Heidelberg from October 1994 through March 1995. Here he would like 
to thank Deutsche Forschungs Gemeinschaft for its support through SFB 359. Also the 
second author is thankful to Professor Willi Jager for his kind hospitality during this 
period. 



2. The operators Ho and H 

In this section we are going to define a reduced wave operator 

(2.1) H = -hq(x)- 1 A, 

where fio(x) is a positive, simple function on R^ which will be specified below, and its 
perturbed operator 

(2.2) H = -n(x)- 1 A, 
where 

(2.3) n(x) = no(x) +m(x) 

such that fi(x) is a positive function on R/^ and Hi(x) decays to at infinity. 



Let us describe the conditions on no(x). Let N be all positive integers and let N_ be 
all negative integers. Let L be a subset of integers satisfying one of the following: 

(/) L = N_U{0}UN, 
(II) i = {L. 1 L. + l I - I -l,0}UN, 
1 • } (III) L = N_ U {0, 1, ■ ■ ■ , L + }, 

(IV) L = {L_, L_ + l, •••,-l}U{0}U{l,2,---,L+}, 

where L_ G N_ U {0} and L + G {0} U N. 

Assumption 2.1. Let iV be a positive integer such that N > 2. Let L be as in 
(2.4). For each lei, let f^ be an open set in H N . Let no be a positive function on 
R . The family {fle}i£L and the function ^o are assumed to satisfy the following (i) ~ 
(hi): 

(i) {Qe}eeL is a disjoint family of open sets of R^ such that 

(2.5) K N = (J TT e , 

where f^ is the closure of 0,£. For any R > 0, the open ball B R with center at the origin 
and radius R is covered by a union of a finite number of Qg, i.e., for R > there is a 
finite subset L R of L such that 

(2.6) n e nB R = fH (l£L-L R ). 

(ii) For each £ G L, the boundary <9f^ of S7^ is a disjoint union of two continuous 
surfaces S^ and Sj, ', i.e., 



(2.7) 



s,H n si +) = 



for £ G L, where S 1 ^ ' and <?} are unions of a finite number of smooth surfaces. Here we 

assume that S L _ = when L has the smallest number L_ and S L = when L has 
the largest number L + . Further we assume that 

(2.8) S { + ] = S { e -\ (I G L), 

where we set S^~\ = if t + 1 G" L. 

(hi) /^o is a simple function which takes the value i/£ on each 0,£, where vg is a 
positive number such that 

(2.9) < m,Q = inf U£ < sup V£ = Mq < oo. 

Let 

(2.10) nW(i) = (nP(x), nf(x), • • • , n$ (x)) (I G L), 



be the unit outward normal of f^ at a.e. x £ dQ.£. Then we assume that 

(2.11) {y t - v l+1 )(n w (x) ■ x) < (x € S { e + \ i£L) 

although £ ^ L + if L has the largest number L+, where rv- \x) • x is the usual inner 
product of rv-'ix) and x in R . 

As for the function [i we have 

Assumption 2.2. Let fj, be a measurable function on R satisfying the following 
(i) and (ii): 

(i) We have 

(2.12) < mo = inf /i(x) < sup /j,(x) = Mo < oo. 

(ii) Let jUi = fjL — fiQ. Then either [i\ is short-range, that is, 

(2.13) |Mi(^)l < ci(l + l^l)- 1 -" (x£-R N ), 

or Hi is long-range, that is, Hi is differentiable such that 

| |Mi(x)|< Cl (l + N)- e (xeR^), 

~ ' I |V W (x)|<c 1 (l + |x|)- 1 - e (xGR w ), 

with constants ci, e > 0. Throughout this work we assume that < e < 1/2 with no loss 
of generality. 

Let Xq and A be Hilbert spaces given by 

f X = L 2 (R N ; no(x)dx), 
\ X = L 2 (R N ; n(x)dx). 



The inner product and norm of Xq [or A] will be denoted by ( , )x and || ||x [ or 
( , )x and || ||x], respectively. Then define the operator Hq in Ao by 

f D(H ) = H 2 (K N ), 

(2.16) { V ; _/ 

( H u = -no(x) 1 Au, 

where D(T) is the domain of T, H 2 (R N ) is the second order Soblev space on H N . and 
Am is defined in the sense of distributions. Similarly the operator H in A is given by 

f D{H) = H 2 (K N ), 

(2.17) { _i 

[ Hu = — /j,(x) Am, 

Then it is easy to see that Hq and H are selfadjoint operators in Aq and A, respectively. 



Now we are going to give some examples of {Qe}eeL and fxo which satisfy Assumption 
2.1. In the following examples we take N = 3 although the iV-dimensional versions of these 
examples can be easily obtained. 

Example 2.3. Let L = N_ U {0} U N. Let {^}^ 6 n_un be such that 

{■■■ <b m < b m+1 < ■ ■ ■ < 6_i < < 6i < ■ ■ • < bf ■ ■ , 
be^oo (£-kx), 

b m — ► — oo (m — ► — oo), 

and define {f^}^<=£ by 

{n< = {x = (xi,x 2 ,x 3 ) g R 3 : 6^ < x 3 < & /+1 } (£ g N), 
O = {x = (xi,x 2 ,x 3 ) G R 3 : 6_i < x 3 < 6i}, 
fi< = {x = (xi,x 2 ,x 3 ) G R 3 : be-x < x 3 < fy} (£ G N_), 

Then the separating surfaces S 1 ) are given by 



S^" 1 = {x = (xi,x 2 ,x 3 ) G R 3 : x 3 = be+i}, 
S^' = {x = (xi,x 2 ,x 3 ) G R 3 : x 3 = b e } 



S { + > = {x = (xi,x 2 ,x 3 ) G R 3 : x 3 = 6i}, 
S o = {x = (xi,x 2 ,x 3 ) G R 3 : x 3 = b-i}, 



(2.20) 
for £ G N, 

(2.21) 

and 

J S 1 ^ = {x = (xi,x 2 ,x 3 ) G R 3 : x 3 = fy}, 
(2-22) < 

[ S y e = {x = (xi,x 2 ,x 3 ) G R . x 3 = be-. 
for £ G N_. Define ^o by 

(2.23) no(x) = v t (x G U e ) 
such that 

(2.24) fn, <H<i*< ■■■<!*<-, 

I ^0 < ^-1 < ^-2 < • • • < ^-^ < ■ ■ ■ 



with 



(2.25) 



vq >0, 

Mo = sup U£ < oo. 



Since we have 

f nW(i)-i>0 (xeS { f + \ ee{0}u~N) 

(2.26) { ~ ' 

{ nW(x)-x<0 (ies) +, ,feN4 

we see that the condition (2.11) is satisfied. Although this is a reduced wave operator in 
stratified media studied by many authors (see, e.g., [16], [14], [4]), note that Q( can be 
modified as far as the condition (2.26) holds good. 

Example 2.4. Let L = {0} U N. Let {^}^ GN be such that 

(2.27) |0<6 1 <6 2 <...<6,<..., 

[ be — ► oo (£ — ► oo), 

and define {Qe}e&L by 

f n = { x = (xi,x 2 ,x 3 ) € R 3 : x\ + x\ < &?}, 

\ n e = {x= (xi,x 2 ,x 3 ) G R 3 : b\ < x\ + x 2 2 < bj +1 }, (£ G N) 

The separating surfaces Sg are given by 

f 5 « = {x = ( Xl ,x 2 , x 3 ) G R 3 : x? + x| = 6| +1 } (* € L), 

(2.29) J S ( f ] = {x = (x 1 ,x 2 ,x 3 )e-R 3 :xj + x 2 2 = b 2 e } (<gN), 
i ^ = 0> 

Define /Uo by 

(2.30) juoOc) = i* (x g n t ) 

such that 

(2.31) f < v\ < v 2 < ■ ■ ■ < vi> < ■ ■ ■ , 



with 
(2.32) 



v >0, 

Mq = supz-^ < oo. 



Since 

(2.33) n^(x)-x>0 (x G S { £ +) , £ G L), 

from (2.31) it is seen that the condition (2.11) is satisfied. Again Qg are allowed to be 
deformed as far as (2.33) holds good. 



3. The unperturbed operator Hq 

In this section we are going to discuss the unperturbed operator Hq given by (2.16). 
First we shall show the uniqueness theorem for the equation 

(3.1) (-fi (x)- 1 A-\)u = f 

with radiation condition. Then, after showing several a priori estimates of the solution 
u of the equation (3.1), the limiting absorption principle for Hq will be proved. The 
arguments in this section are quite parallel to the ones in Jager-Saito [9], and hence we 
shall omit the proof or give a sketch of proof in most of the theorems given in this section. 
We shall start with some notations. 

Notation 3.1. Let z £ C, x = (x±,X2,- ■ ■ ,xn), t = \x\, x = (x\,X2,- • • , 
xjv) = x/r, dj = d/dxj and V = (d/dxi, 8/8x2, • • • , d/dx^)- Then we set 

(1) k = k(x) = k(x,z) = [zfioi^x)] 1 ' 2 , where the branch is taken so that lmk(x,z) > 0; 

(2) a = a(x) = a(x, z) = Re k(x, z); 

(3) b = b(x) = b(x, z) = Im k(x, z); 

(4) Vu = Vu + {(N - l)/{2r)}xu - ik(x)xu; 

(5) V r u = Vu-x = du/dr + {(N - l)/(2r)}u - ik(x)u; 

Let u £ H 2 (R N )\ oc . Then the restrictions u\g and dju\a, j = 1, 2, ■ ■ ■ , N, of u and 
djU = du/dxj onto a smooth surface G are defined as the traces of u and djU on G, 
respectively. Thus u\g and 8ju\g are considered to belong to -^(GW- 

Let z e C and let u G ^(R^)^- Define / by 

(3.2) / = - /4o(x) _1 Au - zu = ^ (^) _1 ( - An - k 2 u) 

with k given by (1) of Notation 3.1. Now we are going to show an identity which is an 
extension of Proposition 3.3 of [9] and will be used throughout this section. 

Proposition 3.2. Let u G H 2 (R )i oc and let f be given by (3.2). Let £ be a real- 
valued, continuous function on [0, oo) such that £ has piecewise continuous derivative. 
Set (f(x) = a(x)£(\x\), where a is a simple function which is constant on each Qg. For 
< r < R < oo, set 

(3.3) B rR = {x £~R N : r < \x\ <R}, 



Then we have 



■dS 



JB rR 2dr f~[Jdn e nB rR dn 

+ 1 ^-^)(\Vu\ 2 -\V r u\ 2 )dx 
J BrR r dr 



(3.4) 



Re / (pfj,o(x)fV r udx 

JBrR 



+cn [ r-\^-2- 1 ^ + b^\u\ 2 dx 

B r R 



dr 



r(N 1)6 + 2 _ 2 ^ 

nr 



+ 2 ~ 1 £/ 

+2- 1 f <p(2\V r u\ 2 - \Vu\ 2 - c N r- 2 \u\ 2 ) dS 
J Sr 

-2- 1 / <p(2\V r u\ 2 - \Vu\ 2 - c N r- 2 \u\ 2 ) dS, 



where Q^ satisfies (i), (ii) of Assumption 2.1, d/dn in the integrand of the surface in- 
tegral over d£l£ n B r R means the directional derivative in the direction of the outward 
normal n = nS> of dClg, and 



c N = (N-l)(N-3)/4. 



The proof will be omitted since it is essentially the same as the proof of Proposition 
3.3 of [9]. 

Theorem 3.3. Assume Assumption 2.1. Let u £ H 2 (R )\ oc be a solution of the 
homogeneous equation 



(3.6) 

on H N such that 



Ho(x) Au — Xu = 



(A>0) 



lim inf 

R-^oo Js R 



Ou 



dr 



+ \u\ 2 )dS = 0, 



liminfiT 
R ^°° JS R 



du 



dr 



+ \u\ 2 )dS = 



(3.7) 

for N > 3, or 

(3.8) 

with a > for N = 2, where 

(3.9) S R = {xeR N : \x\ = R}. 

Then u is identically zero. 

Sketch of Proof. Theorme 3.3 can be proved by starting with Proposition 3.2 and 
proceeding as in the proof of Theorem 3.2 of [9] (for N > 3) or proof of Theorem 7.1 of 



[9] (for N = 2). Only difference here is that, instead of the last inequality of (3.20) in [9], 
we have to use 

(3.10) J2 f <p\k\ 2 (x-n)\u\ 2 dS <0, 

ieL JdUenBrH 

where n in the integrand is the unit outward normal nS'(x) of Qg at x. In fact, it follows 
from (i) and (ii) of Assumption 2.1 that 

V / <p\k\ 2 (x-n)\u\ 2 dS 

f^ L Jdn e nB R 

= A E /(_) <P("i- ^+i) (* - nW)\u\ 2 dS, 

teL Js e C]Br 

where we should note that we are dealing with a finite sum because of (i) of Assumption 
2.1. Then (3.10) is obtained from (hi) of Assumption 2.1. // 

The following corollary guarantees the uniqueness of the inhomogeneous equation 

(3.12) -iio(x)-^-&u- Xu = f 
with one of the conditions 

(3.13) \\V^u\\ S - 1 , El <oo, 
where 5 > 1/2, 

(3.14) 2)W« = du/dr + {{N - l)/(2r)}« T ik(x)u, 

(3.15) E R = {x£~R N : \x\ > R}, 
and, for a measurable set G in H N , 

(3.16) IHl!.! G = / (1 + Ixl) 2 ^- 1 ^^)! 2 dx. 

Jg 

Corollary 3.4. Let A > and let f G L 2 (R N )i oc . Then the solution u G H 2 (R N )i oc 
of the equation (3.12) with one of the radiation conditions in (3.13) is unique. 

The proof is the same as the proof of Corollary 3.8 of [9]. 

Let L2,t(R Ar ) be the weighted Hilbert space defined by (1.8). Let the resolvent (Hq — 
z)^ 1 of the operator Hq be denoted by Rq(z). Now consider u G Xq defined by 

u = Ro{z)f, 

(3.17) { z = X + ir] (A > 0,77/0), 

/ G L 2! s(R N ). 

10 



For < c < d < oo a subset J±(c, d) of C are denned by 

f J+(c, d) = { z = A + i V : c < A < d, < n < 1 }, 
\ J_(c, d) = { z = A + ir? : c < A < d, — 1 < t? < }. 

In the next theorem we are going to evaluate the radiation condition terms T>u. 
Here and in the sequel we agree that C = C(A, B, ■ ■ •) in an inequality means a positive 
constant depending on A, B, ■ ■ -. Now we are evaluating the radiation condition term T>u. 

Theorem 3.5. Suppose that Assumption 2.1 holds. Let 1/2 < 6 < 1. Let u be given 
by (3.17). 

(i) Let N > 3. T/ten i/tere exists a constant C = C(5,mo,Mo) > such that 

(3.19) IMk-i < C\\f\\s, 

where Vu is as in Notation 3.1, |j \\t is the norm of L2,t(R ), and the constant C{5) is 
independent of f and z satisfying (3.17). 

(ii) Let N = 2. Let < c < d < oo and lei J±(c,d) be as in (3.18). Let u be 
given by (3.17) with z G J + (c,d) U J-(c,d). Then there exists a positive constant C = 
C(5,c,d,mo,Mo) such that 

(3.20) \\Vu\\ S -i,*<C{\\f\\ s + \\u\\- S ) 
where 

2 J™ i / Ci i I~|-v2t| 



(3.21) IMIt* = / \x\\v{x)\ z dx + / (l + |x|n*;(x)| 2 cfo. 

Sketch of Proof. We have only to proceed as in the proof of Theorems 4.1 and 7.2 
of [9]. Set in (3.4) a(x) = 1/y/Jfii, 



(3.22) e(0 
for A^ > 3, and 

(3.23) C(r) 



r (0 < r < 1) 

2-(2*-l)( 1+r )2*-l ( r >!) 



ir 2 (r < 1/2), 

1 



2 2«5 



1+r) 25 " 1 (r>l). 



for N = 2. Let the second term of the left-hand side of (3.4) be denoted by i£2 • Then it 
is easy to see that 



r —Bit 

(3.24) I L2 = V / <plm{k—u} dS = 

f-i Jaa.nB rR on 



11 



(cf. (3.11)). Similarly we see that the second term of the right-hand side of (3.4) is non- 
positive. All other terms of (3.4) can be evaluated exactly in the same manner as in the 
proof of Theorems 4.1 and 7.2 of [9], which completes the proof. // 

Now that we have established the uniqueness of the solution of the equation (3.12) 
with the radiation condition (Corollary 3.4) and the estimate of the radiation condition 
term (Theorem 3.5), we can show the limiting absorption principle for Hq by proceeding 
as in §5, §6, and §7 of [9]. Let t € R. The weighted Sobolev spaces Hf(R N ), j = 1, 2, are 
defined as the completion of Cq°(R ) by the norms 



(3.25) 

and 

(3.26) 

respectively, where 

(3.27) 



\ u \\u 



R N 



(l + r) M (\Vu\ 2 + \u(x)\ 2 )dx 



nl/2 



\ u \\2,t 



I (l+r) 2t J2 \d~<u\ 2 dx 

|7|<2 



1/2 



7 = (7i>72,---,7iv), 

N = 7i + 72 H V IN, 

dn u = (d 1 y i ---(d N y N u 



(dj = d/dxj). 



The inner product and norm of Hf(R ) will be denoted by ( , )jt and || \\jt- For 

ft 



an operator T, the operator norm in B(H^(R N ), Hf(R N )) will be denoted by ||T||/.' (, 



where j, £ = 0,1,2, s,t £ R, and we set 

(3.28) H° S (R N ) = L 2 , S (R N ) 

Let D± C C be given by 



(3.29) 



D + = {z = X + it] : A > 0, r/ > }, 
D- = {z = X + i-q : A > 0, r/ < }. 



Also, for < c < d < oo, let J±(c,d) be as in (3.18). The closure J±(c,d) 
are given by 



(3.30) | 

For A > 0, let 

(3.31) 



J+(c, d)={ z = X + iT] : c<X<d, 0<r]<l}cD + , 
l^(c,d)={z = X + ir] : c < X < d, - 1 < r\ < } C D— 



Ro±W = hmi?o(A ± irj), 



12 



and extend the resolvent Ro(z) on D± by 

R (X + ii]) 



(3.32) Ro(X + irj) 

for z G D+ and 



(3.33) 



Ro(\ + irj) 



R 0+ (X) 



R (X + in) 

Ro-W 



(A > 0, r) > 0), 
(A > 0, r, = 0) 



(A > 0, v < 0), 
(A > 0, 77 = 0) 



for z G D_. Then we have 



Theorem 3.6. Suppose that Assumption 2.1 holds. Let 1/2 < <5 < 1 . 

(i) Then the limits (3.31) is well-defined in B(L2^(R ), H^_ S (R )), and the ex- 
tended resolvent R${z) is a B(L2 i 5(R JV ), H^_g(R N )) -valued continuous function on each 
of D + and D-. 



(ii) For any z G D + [or D_\, Rq{z) is a compact operator from L2<$(R. ) into 



HU* N )- 



(iii) The self adjoint operator Hq is absolutely continuous on the interval (0, oo). The 
operator Hq has neither point spectrum nor singular continuous spectrum. 

(iv) For < c < d < oo there exists a constant C = C(c,d,5,m,Q,Mo) > such 
that, for z G J+(c, d) U J~(c, d), 



(3.34) 



1 + r)-'\\VR Q {z)f\ 2 + \k\ 2 \R (z)f\ 2 ) dx 

-(25-1)11 f II? 



{s > 1, / G L 2:5 (R N )), 
\VRo(z)f\\ S -i < C\\f\\ s (/ G ^(R^)), 



where, for A G -D+ Pi (0, oo) or D- n (0, oo), Pii should be interpreted as 

( V (+) u = Vu + {(N - l)/(2r)}xu - ik{x)xu (AeD+fl (0, oo)), 
( ' > "" ' U ~ \ V^u = Vu + {(N -l)/(2r)}xu + ik(x)xu (A G L>_ n (0, oo)). 



(v) Lei iV > 3. T/ten i/tere existe a constant C = (7(5, mo, Mo) > such that 

C 2 



(3.36) 



/ (l + r)- 2S \R (z)f\ 2 dx<—(l + s 
Je 3 \z\ 

(s > 0, / G L 2>5 ), 



-2 ( LM-L)|| f ||2 



| (0,-5) 
1(0,5) 



|i?o(*)iir,:" < 



c 



(zeo+u £>_ 



[ \\VRo{z)f\\ S -i < C\\f\\ s (zeD + uD_,/e L 2>6 ). 
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Finally we are going to prove a modification of Theorem 3.5, where the range of 6 is 
slightly wider. This modification will be useful in the next section. 

Proposition 3.7. Let Assumption 2.1 be satisfied. Let 1/2 < 5 < 3/2. Let f e 

L 2 ,s(R N ) and let z G D + U D_. Let u = R (z)f. 

(i) Let N > 3. Then there exists a constant C = C(5,mo,Mo) > such that 

(3.37) \\Vru\U-! < C\\f\\s (/a 2ii (R w ),zGD + UD_) 

where D r u is given in Notation 3.1, (6), and for A £ -D+ n (0, oo) [or D- n (0, oo)/, 
2? r -u should be interpreted as T>\ [or V r /. 

(ii) Let N = 2. Ze£ < c < d < oo. T/ien i/iere exists C = C(5,c,d,mo,Mo) > 
smc/i f/iai 

(3.38) ||X>rw||tf-i,* < C||/|| 5 (feL 2 , S (R N ),zeJ + (c,d)UJ-{c,d)), 

where \\T> r u\\s-i,* is given by (3.21). 

Proof. In view of the continuity of the extended resolvent of Rq(z), we only have to 
prove (3.37) and (3.38) for non real z. Then we should note that we have u = Ro(z)f 6 
Hg(R N ) (cf., e.g., [12], Lemma 2.1). As in the proof of Theorem 3.5, we start with (3.4) 
with £ given by (3.22) or (3.23) and a(x) = 1/ ' yfflQ. Let the j-th term of the left-hand 
side be denoted by Ilj, where j = 1,2,3,4. Then we have lui = 0, and, since 

(3.39) --2~ 1 -^>0 

r or 



and YDu\ > \T> r u\, we have 



r u, \ i 



dx 



Ili+Il 3 >[ Y-f\Vu\*dx+l {*- d -f){\Vu?-\V r u\ 2 ) 
JB rR 2 or JB rR r Or 

= [ ^-\ d -f)Wu?dx-f ^- d ^)\vA 2 dx 

(o aq) JB rR r 2 Or J BrR r Or 

- — \V r u\ dx. 
B rR 2 dr 

As for the fourth term In, we have Ila > for N > 3, and for Af = 2 we have, as in 
(7.19) and (7.20) of [9], 

-7l4< C1NIL2 + C2 / \r]\\u\ 2 dx 

JR. 2 



(3.41) <Ci\\u\\i_ 2 + C 3 (\f\,\u\) 







<Ci||«llJ-2 + -fdlfWi + \\u\\i s ) 
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with C\ = C\(5, mo), C2 = C2(c,d), and C3 = C3(<5, c, d, mo, -Mo). Here we can evaluate 
IMU-2 as 



pe (1/2, l] => \\u\\ S -2 < \\u\\s < C'u\\s 
[S€ (1,3/2) =► ||u|| 5 _ 2 < C"|l/|| 2 -a < C" 

with C" = C"(<5, c, d, /Uo) and C" = C"(5, c, d, /jlq). We can evaluate the right-hand of (3.4) 
by proceeding as in the proof of Theorems 4.1 and 7.2 of [9] Therefore, letting r — ► and 
R — > 00, where we have to use the fact that it = Ro(z)f G iJ|(R ), we obtain (3.37) and 
(3.38), respectively. This completes the proof. // 



4. The point spectrum for # 

Throughout this and the following sections we shall assume that Assumptions 2.1 and 
2.2 are satisfied. Let the operator H be as in §2. Let cr p (H) be the set of all eigenvalues 
of H, and let V P {H) be the set of all eigenvectors of H, i.e., 

(4.1) V p {H) = {ue H 2 (R N ) :u^0,(H-X)u = with A G a p (H)}. 

Now we need to introduce a set 5p (i?) of the extended eigenvalues of H and a set 
Vp (H) of the extended eigenvectors of H. 

Definition 4.1. Let 1/2 < 5 < 1/2 + e if Hi is short-range, i.e., ^1 satisfies (2.13), 
and let 1/2 < 5 < (1 + e)/2 if /ii is long-range, i.e., ^1 satisfies (2.14), where e is given 
in Assumption 2.2. Denote by a p (H) [or a p (H)] the set of all A > such that there 
exists a function u satisfying 

(i) u G H 2 (R N ) loc , u ± 0, 
(42) 00 u€L2,. s (R N ), 

{ ' ; (iii) \\vMu\\s-i, El < 00, [or ||I>(-)w|| 5 _i )Sl < 00], 

(iv) — fi(x)~ 1 Au — Xu = 0, 

where V^'u are given by (3.35), and k = k(x) = [A/zoOe)] 1 ' 2 is as in §3. Let V p (H) be 
the set of all u G X which satisfy (4.2) with A G o^ ±) (fl'). We call u G ^ P (±) (-H") which 
satisfies (4.2) an extended eigenvector of H associated with the extended eigenvalue A. 

Since £ a p (H), we have V P (H) C V p {±) (H) and a p (H) C a^{H) by definition. 
In this section we are going to prove that 

(4.3) a p (H)=aM(H)=a p -\H), 



and <J P (H) is a discrete set on (0, 00). 
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Proposition 4.2. Assume that Assumptions 2.1 and 2.2 hold. Let u G H 2 (R )\ oc be 
a solution of the equation — fj,(x)~ 1 Au — Xu = 0. Let <p(x) = £(\x\) and let £(r) satisfy 
the following (a) ~ (c)': 

(a) ^ is a nonnegative, continuous function on (0, oo) ; 

(b) £ has a piecewise continuous derivative £' such that 



(4.4) 
and 



£'(r) > 0, 



£(r) 



^.Oj 


r 2 


V ^ u 


/or almost all r > 0. 






(c) J/AT>3, 






(4.6) 


£(r) = O(r) 


(r-»0). 


(c)' //AT = 2, 






(4.7) 


f £( r ) = 0(r 2 ) 


(r-0), 


\ £'(r) = O(r) 


(r -► 0). 



(i) Suppose that /ii is short-range in the sense of (2.13). Then there exists a constant 
C = C(A, jUq) > such that, for R > 1, 



(4.8) 

for N > 3, or 

(4.9) 



Br 



dip 
Or 



u\ 2 dx 



< 2m / </?|//i||it||2?^ 'u\ dx 
Jb r 

+ C^(R) \V^u\ 2 dS 
Js R 



/ tt- \u\ dx < 2m u / 92|/xi||d|D). >u\dx 

J B R Or J Br 

+ (2m X)- 1 f r- 2 (^-2~ 1 ^-)\u\ 2 dx 

+ C£(R) I \V^u\ 2 dS 
jsr 



'Sr 

for N = 2. 

(ii) Suppose that fi\ is long-range in the sense of (2.14). Then the relation (4.8) or 
(4.9) holds again with the first term Km of the right-hand side of (4.8) or (4.9) replaced 
by 



(4.10) 



K' f 



Rl 



nin 



Br 



dip 
dr 



+ 



dm 



Or 



■r 



\u\ dx. 
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Proof. (I) We shall prove (4.8) and (4.9) for T>\ u. These formulas for T>\ u can 
be proved in quite a similar way. For the sake of simplicity of notation we set T>r u = 
T> r u and V^ + 'u = Vu. Since we have from (iv) of (4.2) — Au— \[io(x)u = X/j,i(x)u, we can 
apply the formula (3.4) with / and z replaced by Xuo(x)^ 1 n±(x)u and A, respectively, 
to obtain, for 0<r<l<i?< oo, 



(4.11) 



—du 



/ tttt - 0u\ dx + } / G?Im{fc— — u} dS 

Jb tR 2 dr f-f Jan e nB rR dn 



+ 



+CN I 

' B rR 



eeL 
,<P dtp 

v r dr 

-2(<P 

r 



){\v4 



\V r u\ ) dx 



i-l d< P\\.A-2 



dr 



)\u\ dx 



Re / \ipui(x)uV r udx 
JB rR 

ieL Jdner\B rR 



tpk (x ■ n)\u\ dS 



+ 2" 1 / cp(2\V r u\ 2 - \Vu\ 2 - c N r~ 2 \u\ 2 ) dS 
- 2" 1 / <p(2\V r u\ 2 - \Vu\ 2 - c N r- 2 \u\ 2 ) dS. 



(II) Suppose that jjl\ is short-range. Proceeding as in the proof of [9], Theorems 3.2 
or 7.1, we have 



/ i;-^-\ v u\ 2 dx + V / <plm{k—v) 

J B R 2 or f-i Jdn,nBR on 



dS 



(4.12) 



£eL Jdfi e nB R 

> I l -% 2 \u\ 2 dx + f l -^(\Vu\ 2 
B R 2 8r ' JB R 2dr Kl ' 

du 



du 



dr 



i dx 



f nil 

£(R) / Im{k—u}dS, 
Js R dr 



where we should note that all the integrals in (4.12) is well-defined even in the case of 
N = 2 because of (4.7). Therefore it follows from (4.11) and (4.12) that 



k -z-\u\ dx 



B R 2 dr 



+ 



^-2-^)(|V.| 2 -& 2 )^ 



b^b r dr dr 



+ f..v/ r~ 2 (^-2 

>B rR r dr 



i diP )\u\ 2 dx 
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< Re / \(pui(x)uV r udx 
JB rR 

+ 2- l Y,[, <p\k\ 2 (x-n)\u\ 2 dS 



(4.13) 



+ 2 _1 £(i?) / {2\V r u\ 2 - \Vu\ 2 - c N r~ 2 \u\ 2 ) dS 
Js R 

- 2- 1 £(r) f {2\V r u\ 2 - \Vu\ 2 - c N r- 2 \u\ 2 ) dS, 

+ f l -^\vu\ 2 dx + y:f 

+ £(R) / Imffc— u) dS. 
JSt, or 



(plm(k-u) dS 
dn e nB r v on 



It follows from (2.11) that the second term of the right-hand side of (4.13) is nonpositive. 
Therefore we can drop it from the right-hand side of (4.13). Further, we see from (4.5) 
in (b) that the second term of the left-hand side of (4.13) is nonnegative, and it can be 
dropped, too. Then, letting r — > along an appropriate sequence {r n }, we obtain 



A 



J M 4 |ofi+w/j/t . r .| )H!i 



(4.14) 



< A / y?|//i(a:)||it||2?j.u| dx 
Jb r 

+ 2-^(R) / {2\V r u\ 2 - \Vu\ 2 - c N r- 2 \u\ 2 ) dS 
JS R 

+ £(R) / lm(k—u) dS. 
JSr or 



< A / 92|^i(x)||u||£V«| dx 
Jb r 



+ cam I 

Js R 



du 



Or 



+ \u\ 2 dS. 



Here we noticed from (c) and (c)' that 



(4.15) 



liminf £{r) / (2\V r u\ z - \Vu\ z - c N r- z \u\ 2 ) dS = 0, 
r ^o J Sr 

2- 1 £(R) ( (2\V r u\ 2 - \Vu\ 2 - c N r- 2 \u\ 2 ) dS 

JSr 



du 



+ £(R) / Im(k—u) dS. 

Js R Or 

<c m [ nh ' 2 

Js 



'S R 



Or 



+ \u\ 2 )dS 



with a constant C. Since c N > for N > 3 and c N = -1/4 for N = 2, (4.8) and (4.9) 
follows from (4.14) if we can prove 



(4.16) 



LM^ 2 ) ds ^'L^ ds 
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with a constant C". 

(III) (Proof of (4.16).) Multiply both sides of the equation — Au — n(x)\u = by u, 
integrating over Br, use partial integration and take the imaginary part to obtain 

,du_ 
Imj 
IS R 

Now we can proceed as in the proof of [9], Theorem 3.7 to obtain (4.16). 

(IV) Suppose that [i\ is long-range. We have only to evaluate the first term K R1 of 
the right-hand side of (4.11). In fact, we have by partial integration 



(4.17) / Im{^u}dS = 0. 

JSn or 



Kri = ARe / (p/j,i(x)uT> r udx 

JB rR 



(4.18) 



A f Wl ( x )(!M- + (N-l)r- 1 \u\ 2 )dx 



2 J BrR dr 

A f %ft , 2 A , 2 

u\ ax + — / tpfJ>i\u\ db 



2 Jb r dr ' ' 2 j 5fl 

A 



/ c^/i! |rt| dS 



2 7 S „ 

Since the third term of the right-hand side of (4.18) converges to as r — ► 0, we see 
that K' Rl in (4.10) can replace the first term Kr\ of the right-hand side of (4.8) or (4.9), 
which completes the proof. // 

Proposition 4.3. Assume that Assumptions 2.1 and 2.2 hold. Suppose that n\ is 
short-range. Suppose that u G V p (H) [or u G V p (H) J with an extended eigenvalue 
A G a { p +) (H) [or A G J p ~\h) ] such that 

f u g L 2 ,_, + , e( R-), 

I -<J + J'e < 

mi/i a nonnegative integer j. Then we have 

u G L 2 _<5 + (j + i) e (R ), 

p( +) n G I^+O'+i)^) [or P^ } u G L^^+i)^^)], 



(4.20) 

and 

(4.21) 



MI-5+CH-i)e < \/\ciC) N '\\u\\- 5+je (N > 3), 
l«ll-(5+0"H-l)e - c l C 'i ll n ll-<5+.?e (iV = 2), 

w/iere C*]^ = cf\s,€,m ,M ) forN>3 and cf ] = cf(X,5,e,m ,M ). 

Proof. (I) We shall prove (4.20) for V>\- u, and set V>\ u = V r u. Then u satisfies 
the equation (—A — X/j,q)u = A/xiu and the radiation condition \\T>r u\\$-i Ei < oo, i.e., 

(4.22) u = A J R (A)(^Vi«), 
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where we set i?o + (A) = Ro(X). Since we have 

(4.23) |mo Vi«I < cimo '(1 + |x|)- 1 - e+<5 - je [(l + |x|)-* +J ' e |«|], 
it follows that 

(4.24) /^Vi« e I^.^+^R^). 
Noting that (4.19), 1/2 < 6 < 1/2 + e and < e < 1/2, we see that 

|Kl/2 + £^ 1 - <5 + (j + l)e > 1 - S + e > 1/2, 

(4.25) < -5 + je < and < e < 1/2 

[ => l - 5 + (j + l) e < 1 + e < 3/2, 

and hence we can apply Proposition 3.7 with <5 replaced by 1 — 8 + (j + l)e to obtain 

(4.26) ||£> r u||_ 5+( - j+1 ) e < Am^^iCJUull-^+je 
with Cj = Cj(<5,e,m ,M ) for iV > 3, and 

(4.27) \\V r u\\_ s +(j+i)e,* < Amo 1 ciCJ / ||xt||_ < 5 +: , e 

with C'j = C'!{8, e, A, m ,M ) for N = 2. 

(II) Let i? > 1- Set /? = 2(-<5 + (j + l)e) + 1, 

{r (0 < r < 1), 

2-/3(1 + r )/3 (l<r<i? ), 

2-/3(1 + tf ) /3 (r>«o) 
if TV > 3, and 

(4.29) £(r) = 



for AT = 2. It follows from (4.25) that < [3 < 2, and hence £ satisfies (a), (b), (c) or (c) 
in Proposition 4.2. Therefore we can apply (i) of Proposition 4.2 to obtain 



2-V 


(0<r < 1), 


2-0-i(l + r )0 


(Kr<i? ), 


2-0-1(1 +J R Q )/3 


(r > i?o) 



(4.30) 



/ \u\ 2 dx+ f f32-^{l + rf- 1 \u\ 2 dx 

JB X JB 1R 

<2m (j 1 ci / r(l + r) _1 ~ e |ti||D r u| dx 
Jb± 

-/3+1™-!.-, /" M j.^/?-l-e| 



+2^ +i m " i ci / (1 + r) p_1_e |ii| |P r tt| dx 
+C2" /3 (1 + J R ) /3 / |A^| 2 d,S 
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for R > R and N > 3, or 

/ r\u\ 2 dx+ f f32-' 3 - 1 {l + rf- l \u\ 2 dx 
Jbi Jb 1R() 

< rrin c\ j r (l + r)~ ~ e \u\\T> r u\ dx 

JB 1 

(4.31) +2- l3 mQ 1 c 1 f (l+r) /3 - 1_e |u||P r .'«|<te 

+ 2-f 3+1 m 1 \-" [ (l+rf^ 5+ ^\u\ 2 dx 
Jb 1r 

+C2~P~ 1 {l + R f \V r u\ 2 dS 
Js R 

for R > Rq and N = 2, where we have used the facts that 

f (l + Rof < (l + Rf (R>Ro), 

(4.32) a 

{ 7" 2 - 1 -£ = ° (0<r<l), 



and, for r > 1, 



r -2f>_ 2 -i^ 



. r dr , 

(4.33) < 2 -^ 2 2 3 (l-^ N )(l + r) /3 - 3 

< 2 -/^+ 1 (l + r )2(-*+*). 
Since 

(4.34) - 1 - e = (-5 + je) + (-5 + (j + l)e) , 
we have 

(4.35) / (1 +r) /3_1_e |n||P r u| dx < ||u||_ < 5 + je||^ ) r'"||-(5+(i+i)e- 
JBir 

Therefore we have for iV > 3 

ll«ll-tf+(j+l)e,B fl0 

(4.36) ~ v fl /" , l2 

< CoCl||lt||- < 5+je||^ ) r'u||-(5+(i+l) e + C(l + i? ) / |^r«| dS, 

and for iV = 2 

2 



\ U \\-8+(j+l)e,B R() 



,-l||„.l|2 



(4.37) < C o[ C l\\ U \\-6+jeWD r u\\_s+(j + l)e,* + A -||''ll-rt+j, 

+C'(1 + Ro)~ S+je / \V r u\ 2 dS, 



's r 
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where Co, C , C, and C' depend on j,5,e,mo, and M . Note that we have from (hi) of 

(4.2) 

(4.38) liminf / \V r u\ 2 dS = 

R^oo Js R 

Let R — » oo along an appropriate sequence so that the last terms of the right-hand sides 
of (4.36) and (4.37) tends to 0. Therefore, noting that Rq > 1 is arbitrary, and using 
(4.26) and (4.27), too, we obtain (4.21), which completes the proof. // 

Proposition 4.4. Assume that Assumptions 2.1 and 2.2 hold. Suppose that /ii is 
long-range. Suppose that u G V p (H) [ or u G V p (H) ] with an extended eigenvalue 
A G ^ +) (H) [ or AG u p ~\h)]. Let e' = e/2. Suppose that 

(4.39) |«€L W .(R"), 

with a nonnegative integer j. Then we have 

(4.40) u€L 2j _ s+u+1)e ,(R N ), 
and 

( 4 - 41 ) ii«ii_« + (,- + i) e ' < v / crcj Ar) ii'"ll-5+jv, 

where cf ] = cf I) {8,e,m ,M Q ) for N > 3 and cf ] = cf(X,5,e,m ,M ). 

Proof. We shall prove (4.40) and (4.41) in the case that A G V p + \h). We set 
vi +) u = V r u. Let R > 1. Set (3 = 2(-<5 + (j + l)e') + 1, and let £(r) be given by 
(4.28) (with e replaced by e'). Here we should note that < (3 < 3/2, and hence our 
£(r) satisfies the conditions (a), (b) and (c) of Proposition 4.2. Then we have from (ii) of 
Proposition 4.2 

/ \u\ 2 dx+ [ 02-^(1 + r)^- 1 \u\ 2 dx 
Jb 1 Jb 1R() 

< mX 1 c 1 / {(1 + r)~ e + r(l + r)" 1_e }|u| 2 dx 

JB X 

+m£ 1 ci(J3 + 1)2 _/J / (1 + rf- l - € \u\ 2 dx 



'B 1Ro 



(4.42) +m Q 1 c 1 2- fi (1 + rf(l + r) -1-e M 2 dx 

Jb 1Ro 

+C2- /3 (1 + R f / \V r u\ 2 dS, 

JSn 



>s R 

<C I (l + r) 2 (- s+ ^\u\ 2 dx 
Jb r 

+C2~P(l + R f / \V r u\ 2 dS, 



'Sr 
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where Rq < R, C = C(j, S, e,mo), and we should note that (3 — 1 — e = 2(— <5 + je'). 
The inequality (4.41) follows from (4.42). The case that N = 2 can be treated in quite a 
similar way, which completes the proof. // 

Now we are in a position to show that V P (H) = Vp (H). Let 

f 7 = min{j G N : -<5 + it > }, 

(4.43) ;° U 

[ d = -d +j e 
if /ii is short-range, and let 

f jo = min{j G N : -<J +je' > 0}, 
[ 5 = -(5 + joe' 
if /ii is long-range. 

Theorem 4.5. Let Assumptions 2.1 and 2.2 be satisfied. 
(i) TTien u>e have 

(4.45) ^)(ff)c^(R w ), 

where 5q is given by (4.43) or (4.44), and hence 

[v p iH ) = ir\H) = Vi-\H), 

(ii) Let fii be short-range. Let u £ V P (H) associated with A £ a p (H). Then, for 
each N > 2, there exists a positive constant C' ' such that 

(4-47) < , N . 

1 \\u\\s H <C ( Vcf\\u\\_ s (N = 2), 

where j is given by (4.43), and C^' = CW(^,mo,M ) /or JV > 3 and C( 2 ) = 
C( 2 )(A,<5,e,m ,Mo). Further, for N > 3, we have 

(4.48) a p (ff) C [cT 2 {CW)- 2/jo , <*>). 

(iii) Ze£ ^i be long-range. Then, for each N > 2, there exists a positive constant 
C (N) = c^ N \5,e,m ,Mo) (N > 3), = C( 2 )(A,<5,e,m , M ) (JV = 2) such that 

(4-49) |k|| 5o < a^)ci o/2 |K||_ 5 , 

where u £ V P {H), and jo and 5q are given by (4.44). 
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Proof. Using Propositions 4.3 and 4.4 repeatedly, we obtain 

(4.50) V p ^\H)cL 2A) (R N ), 

and the inequalities (4.47) and (4.49), where C' ' = Cq C\ ■ ■ ■ C- and jo and 5o are 

in (4.43) or (4.44). Let u G V^(.ff') associated with A G a^\H). Then it follows from 
the equation — Au — Xfiu = that u, Au G L2,5 (R ) which implies that u G _£/| (R ). 
Thus we have proved (4.45). Let N > 3 and let u± is short-range. Since we have from 
the first inequality of (4.47) 

(4.51) ||n||_ 5 < \\u\\ So < cWfaVxyoWuW-g, 
or 

(4.52) (l-CW(ciVA) io )||«||_i<0, 

whence (4.48) follows. This completes the proof. // 

Theorem 4.6. Let Assumptions 2.1 and 2.2 be satisfied. Let o~ p (H) be as above. 

(i) Then the multiplicity of each A G o~ p (H) is finite. 

(ii) o~ p (H) does not have any accumulation point except A = and A = oo. If N > 3, 
then the only possible accumulation point of o~ p (H) is A = oo. 

Proof. Suppose that o~ p {H) has an accumulation point Ao G (0, oo). Then there 
exist infinite sequences {A n } C cr p (H) and {u n } C V P (H) such that 

{A n -»■ A (n -»■ oo), 
(u m , u n ) x = S mn (ra,n G N), 
- u(x)' 1 Au n - X n u n = (n G N), 

where 5 mn is Kronecker's delta. Since 

||Vu n ||o = \n(Un,Un)x = K\\Un\\x 

(4.54) 

= A n < sup n A n < oo, 

we can apply the Rellich selection theorem to choose a subsequence {u nm } which converges 
in L2(R Ar )ioc as Tn — ► oo. Let uq G L2(R Ar )i oc be the limit function. On the other hand, 
in view of Theorem 4.5, there exists a positive constant C such that, for any s > 0, 



(4.55) 
and hence 



\u nrn \\o,E s < (l + «) S °\\Un m \\6o,E s < (1 + s) *°||UnJk 

< C(l + s)- 5 «||n nm ||_ 5 < C(l + a)-*>KJ| , 



(4.56) ||UnJ|0,i5. < -^(l + S )^°hn m |U < -^L(l + *)-*>, 
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where So is given by (4.43) or (4.44). Therefore u Hm is small at infinity uniformly for 
m £ N. Thus it follows that u nm converges to uq in X and ||«o||x = 1. Noting that 
{ u n m } i s an orthonormal system in X, we have 

( 4 -57) = lwa o (u„ m , u nm+1 ) x = \\u \\x = 1, 

which is a contradiction. Therefore o~ p (H) is discrete in (0, oo). If N > 3, (ii) of Theorem 
4.5 implies that A = cannot be an accumulation point of a p (H). This completes the 
proof. // 

Consider the following additional condition on n\(x): 

Assumption 4.7. (i) The function fi\ is measurable such that 

(4.58) fi(x)>Nfii(x) + X (\x\\fi 1 (x)\) 2 (a.e.x€~R N ). 

with Ao > 0. 

(ii) The function n\ is differentiable and fii satisfies 

(4.59) n(x) + \x\jp- > (&.e.xeR N ). 

The following theorem gives sufficient conditions that the absence of o~ p (H) = on 
some interval or whole positive half line (cf. Roach-Zhang [10], the proof of Theorem 3.1). 

Theorem 4.8. Suppose that fx(x) = f^o( x ) + ^\{ x ), Mo satisfies Assumptions 2.1, 
and fj, satisfies (2.12) of Assumptions 2.2. Suppose that (i) or (ii) of Assumption 4.7 
hold. Then we have 

f a p (tf)n[O,A o ]=0 (if (i) holds), 

\ o- p (H) = (if (ii) holds). 

Proof. (I) Let u G H 2 (R N ) satisfy the homogeneous equation — An — \[i(x)u = 
with A > 0. We have only to show that u = 0. We are going to multiply both sides of the 
equation by 2r(d r u) + (N — l)u, integrate over Br, R > 0, and take the real part. 

(II) Using the identity 

(4.61) 2Re [(Au)r(dru)] = div [2Re{r(d r u)Vu} - \Vu\ 2 x] + (N - 2)|Vn| 2 
(Roach-Zhang [10], (3.4) with h(r) = 1) and the divergence theorem, we have 

2Re / (-Au)r(d r u)dx 

(4.62) Jbr r r 

= -/ (N - 2)\Vu\ 2 dx - R {2\d r u\ 2 -\Vu\ 2 )dS, 

JB R JSij 
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where d r v = dv/dr, r = \x\. Since it is easy to see that 

Re I (-Au)(N - l)udx 
(4.63) Jbr , , 

= / (N - l)|Vu| 2 dx-(N-l) Re [{d r u)u] dS, 

JB R JSr 

it follows that 



Re / (-Au){2r(d r u) + (N - l)u} dx 

JBr, 

f f JS — 1 

/ I Vu\ 2 dx- R (2\d r u\ 2 - \Vu\ 2 + — —Re [(d r u)u}) dS. 
Jb r Js r R 



( 4 - 64 ) R i , I , .„ N-l 



(III) Suppose that (ii) of Assumption 4.7 holds. By the use of the integration by parts, 
we have 



2Re / (—Afiu)r(d r u)dx 
Jb r 

(Xn)r(d r \u\ ) dx 



(4.65) f R 

= X (Nn + r(d r m))\u\ 2 dx 
Jb r 

-AV / fi (x ■ n^)\u\ 2 dS - XR f fi\u\ 2 dS, 

^ L Jdn e nB R Js R 

where we should note that ^o does not appear in the first term of the right-hand side since 
it is constant on each Qg, and ui does not appear in the second term of the right-hand 
side since it is continuous on TL N . Also we should note that 



n^r Jdn e nB R 
(4.66) eeL 



AV / nofr ■ n®)\u\ 2 dS 

77i JdQ e nB R 

A E/( + ) {vi+i-vi)(x-nW)\u\ 2 dS>0 



since the integrand is nonnegative by (2.11). Thus, 
Re / (-Xfiu)[2r(dru) + (N - l)u] dx 



B R 



(4.67) = A / (fi + r(d r /j,i))\u\ dx 

' B R 



+Xy f (v e+1 - v e )(x ■ n (e) )\u\ 2 dS - XR f ^\u\ 2 dS 

J^ L JS\ , +) nB R Js R 

(IV) It follows from (4.64) and (4.67) that 

= Re / (-An - X^u){2r(d r u) + (N - l)u} dx 

JBn 



(4.68) 



B R 

(|Vu| 2 + A(u + r(d r ui))|u| 2 ) dx 
Br 

+ A E/m {yi+i-vi)(x-n®)\u\ 2 dS 

e&L Js^nB R 

+R f (|Vu| 2 - 2\d r u\ 2 -—Re \{d r u)u] - Au|u| 2 ) dS. 

Jsr R 
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Since 2|9 r u| 2 + \Vu\ 2 + A/u|n| 2 + (N — l)\d r u\\u\ is integrable on R^, we see that the 
third term of the right-hand side goes to as R — ► oo along an appropriate sequence. 
Therefore it follows from (4.68) that 



0=/ (|Vn| 2 + A( / t/ + r(a r/ t/i))|u| i )da; 
(4 ' 69) +\Y J j {+) {ve+i-vd{x-n^)\u\ 2 dS. 



Noting that all the integrands in the right-hand side are nonnegative, we have V-u = a. 
e., and hence u = since u £ H 2 (R ). 

(V) Suppose that (i) of Assumption 4.7 holds. By using partial integration only for 
the term containing /j,q, we obtain 

Re / {-Xnu)[2r(d r u) + (N - l)u] dx 
Jb r 

= -A / [n r{d r \u\ 2 ) + (N -l)fi \u\ 2 ]dx 
Jb r 
-A / fn[2rRe(u{d r u)) + (N-l)\u\ 2 ]dx 

IB R 



(4.70) 



A / /UoH dx 



AV / ^{x ■ n {e) )\u\ 2 dS - \R I fi \u\ 2 dS, 

£eL Jdn e nB R Js R 



-A / in[2rRe(u(d r u)) + (N - l)\u\ 2 } dx 
Jb r 

Let h(x) be a positive function to be specified later. Since we have 

|Vd 2 , 



(4.71) 2\rniu(d r u)\ < \r^\{h\u\ 2 + 

it follows from (4.70) that 



h 



Re / {-\iiu)[2r{d r u) + (N - l)u] dx 
JB R 

>_ A / tM\ Vu \* dx 



(4.72) 



B R h 

+A / [fi -(N -^m-hlr^u^dx 

IB R 



■AV / hq(x • n^)\u\ 2 dS - \R f fi \u\ 2 dS. 

fzi Jdn t r\B R Js,, 



£( -j^JdQ e nB R J S R 

Thus (4.64) and (4.72) are combined to give 
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= Re / (-An - \^u)[2r(d r u) + (N - l)u] dx 
Jb r 

> / (l-^)|Vu| 2 dx 
Jb r h 

|2 



(4.73) +A / [u-iVui-/i|rui|]|n| 2 da; 

J Br 



AV / fi {x ■ n (e) )\u\ 2 dS - \R [ fi \u\ 2 dS 

ieL Jan e nB R Js R 

R f (2\d r ll\ 2 - |Vu| 2 + ^-^Re [(d r u)u\) dS. 

JSn R 



N-l 
[2\i) r uy - \Vu\* + 

>Sr 

Then, letting R — ► oo along an appropriate sequence in (4.73), we obtain 



0> f (l-^)\Vu\ 2 dx 
(4.74) Jk» h 

+A / \u — iVui — /i|rui|]|n| 2 dx, 

where we have used (4.66), too. Let A G [0, Ao) be an eigenvalue of H with its eigenfunc- 
tion u. Set 77 = A/Aq £ [0, 1) and 



(4.75) 




h(x) = \ 

{ A |rui(x)| 


(if /ii(x)=0), 
(if ui(x)/0). 


Then we have 








(4.76) 


1 


A|r M i(x)| _ J 1 
h(x) 1 l-r? 


(if ui(x) = 0), 
(if mi(x)^O), 


and hence, by 


using ( 


4.58) 





uo>0 (ifui(x)=0), 

(4.77) u(x) - iV/ii(x) - /i|rui(x)| = { u(x) - Nfi^x) - A (ru!(x)) 2 > 

(if M i(*)^0). 

Therefore, we have from (4.74) 

(4.78) 0> (1-7?) / \Vu\ 2 dx, 

Jr n 

i.e., Vu = or u is identically zero almost everywhere. This completes the proof. // 
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5. The limiting absorption principle for H 

Throughout this section we assume that 6 satisfies 

(5.1) \< S A + \' 
where e is as in (2.13) or (2.14). Let u € X be given by 

r u = R( z )f, 

(5.2) J z = X + ir] (A > 0,77/0), 

( / e L 2yS (K N ), 

where R(z) = (H — z)~ l . Then u satisfies the inhomogeneous equation (— // -1 A — z)u = 
/ which is equivalent to 

(5.3) (-Ho 1 A-z)u = g (g = Hq 1 (nf + zfnu)) 
with k = y/z/XQ. Let /ii be short-range. Then, since 

(5-4) u e L 2 -s(R. ) =M 

t IIah^IU < ci||u||_ 5 , 

we see that <? G L2 _j(R ). In the case that \x\ is long-range, the inequality 
(5-5) MHi,o<C(l/l>l)o 

will be useful, where C = C(/z), || || 10 is the norm of H 1 (R ), and ( , )q is the inner 
product of L 2 (R N ). For the proof of (5.5), see, e.g., Eidus[6], [13], Lemma 2.1. Then, by 
a direct application of Theorem 3.5 to our case, we can evaluate the radiation condition 
term T>u. 

Theorem 5.1. Suppose that Assumptions 2.1 and 2.2 hold. Let 8 be as in (5.1). 
Let < c < d < 00 and let J±(c,d) be as in (3.18). Let u be given by (5.2) with 
z G J+(c,d) U J-(c,d). Then there exists a positive constant C = C(5,c,d,nio,Mo) such 
that 

(5-6) ||P«|| 5 _i<C(||/|| 5 +||u||_ 5 ) 

for N > 3, and 

(5-7) \\Vu\\s-i,*<C(\\f\\ s + \\u\\- S ) 

for N = 2, where || ||t : * is as in (3.21). 

Proof. We can proceed as in the proof of Theorem 3.5. Since / in the proof of 
Theorem 3.5 should be replaced by g = //q (/i/ + zfi\u) (see (5.3)), our additional task 
is to prove, for any e > 0, 



(5.8) I = Re z( / 9 /[ /i(x)uP r Mdx<C , (||/||| + ||u||i (5 + e||Pn|||_ i ; 

JB rR 
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with C = C(e, 5, c, d, mo, Mq), where ip is as in the proof of Theorem 3.5, and ||Pu||$_i in 
(5.8) should read ||Pit||,5_i jH , if N = 2. Suppose that //i is short-range. Then (5.8) follows 
directly from (5.4). Suppose that y,\ is long-range. Then we have from the definition of 
D r u ((6) of Notation 3.1) and partial integration 



I 



ARe / ip/j,i(x)uD r udx — r)Im (pm{x)uD r udx 

J B t e JB rR 



. . =--\ d r {(pm)\u\ 2 dx + X I bip^i\u | 2 dx 

(5.9) 2 JB rfl JB rR 

— rjlm I ip/j,i(x)uD r udx + h(r) + Is(i?) 

= / 1 +/ 2 + /3 + / 4 (r r f+/ 5 (^), 

where the terms Ia{t) and hj{R) tend to zero as r — ► and i? — > oo along appropriate 
sequences, respectively. It follows from (5.1) and the definition of ip ((3.22) or (3.23)) that 
ifHi is bounded on R , and hence I2 and I3 can be evaluated by using (5.5). On the 
other hand, since 

(5.10) 5 r ( m ) = 0((1 + r) 25 - 2 -) = 0((1 + r)- 25 ), 

the term /1 is evaluated by ||«||?r, which completes the proof. // 

As in §4, let cr p (H) be the set of all eigenvalues of H which is a discrete set in (0, 00) 
(Theorem 4.6). Let A > such that A a p (H). Let u e H 2 (R N ) loc n L 2 -^(R^) be a 
solution of the homogeneous equation — /i(x) _1 An — Au = with the radiation condition 
||P^ + ^u||,5_i Ei < 00 or ||2}' — '«||5_i Ei < °°- Then it follows from Theorem 4.5 that 
u G L2 i «s (R iV ) where So is given by (4.43) or (4.44). Since A is supposed not to be an 
eigenvalue, we have u = 0. Therefore we can prove the limiting absorption principle for 
A e (0, oo)\a p (H) by starting with Theorem 5.1, proceeding as in §5 ~ §7 of [9]. Let 
D± C C be given by (3.29). For A > 0, let 

(5.11) R±(\) =limR(X±irj), 
and extend the resolvent R(z) on D± by 

(5.12) R(\ + iT]) 
for z £ Z?+ and 

(5.13) R(X + iT]) 
for 2 G D_. Then we have 



R(\ + irj) 


(A > 0, 77 > 0) 


R+(X) 


(A > 0, 77 = 0) 


R(X + irj) 


(A > 0, 7] < 0) 


R-(\) 


(A > 0, t) = 0) 
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Theorem 5.2. Suppose that Assumptions 2.1 and 2.2 holds. Let 5 satisfy (5.1). 

(i) Then the limits (5.11) is well-defined in B(L 2j(5 (R Ar ), ^^(R")) for A G 
(0, oo)\a p (H), and the extended resolvent R(z) is a H(L2,s(R. N ), H^_ S (R N )) -valued con- 
tinuous function on each of D + \o~ p (H) and D^\a p (H). 

(ii) For any z £ D + \o~ p (H) [or D-\a p (H)], R(z) is a compact operator from 
L 2 , S (R N ) into H l _ 5 (n N ). 

(iii) The selfadjoint operator H is absolutely continuous on the interval [c, d] such 
that < c < d < oo and 

(5.14) [c, d\ n a p (H) = 0. 

The operator H has no singular continuous spectrum. 

(iv) For < c < d < oo satisfying (5.14) i/iere exists C = C(c, d, 5, mo, Mo) > 
stic/i £/iat, /or z £ J+(c, d) U J-(c, d), 

(l + ry 25 (\VR(z)f\ 2 + \k\ 2 \R(z)f\ 2 )dx 

\s 



(5.15) 



<c\i + s )-^\\f\\l 

I IpiWIU-i < C||/|| 5 (/ e ^(R^)), 



where, for A G Z) + n (0, oo) [or £)_ n (0, oo)], Vu should be interpreted as T>( + ' [or 
T>(>], and J±(c, d) are given by (3.30). 

Willi Jager University of Heidelberg, Germany 

Yoshimi Saito University of Alabama at Birmingham, U. S. A. 
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